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A method for numerically expanding an arbitrary function on the sphere in a series of
spherical harmonics which makes use of the speed of a fast Fourier transform is described.
Discussions of the operation count, storage requirements, accuracy, and an algebraic and a
numerical example are included. A comparison with straightforward integration is made
throughout. Also, a new method for evaluating the spherical harmonics is discussed.  © 1985

Academic Press, Inc.

1. INTRODUCTION

It need hardly be said that the functions variously known as “spherical har-
monics,” “surface zonal harmonics,” etc., described by the equation

Yi(8, )= C, PT(c0s 6) €™, (1)

where P'(x) is the associated Legendre polynomial of degree / and order m and C,,
is a normalization constant given by

2RI+ 1) (I—m)!
Cn="a txmy @

are of great utility [1] in many calculations in theoretical physics. These functions
form an orthonormal set of basis functions on the unit sphere. That is, if

£ 10, n)x[—=, ] >R
with
f(8, —m)=f(8, n) Voe [0, n]
S0, 4,)=/(0,4,) V¢, 4r6[—m, 7]

f(7l, ¢l)=f(n, ¢2) V¢1, ¢2§[—ﬂ, T[]
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and f is square integrable on [0, #] x [ — =, n], then

] !
=Z Z ImYIm9¢) (3)

where F,, is a complex constant given by
f j Y%(0, 6) £(6, ¢) sin 0 d dg, (4)

with * denoting complex conjugation, and
j _ jo" Y%, Y, sin0d0dg=6,5, .. (5)

Expansions such as (3) will be referred to as spherical harmonic expansions, and F,,
will be called a spherical harmonic expansion coefficient. The aim of this paper is to
present a method for numerically computing (4) for a given function of solid angle
(0, ¢) which utilizes the speed of a two-dimensional fast Fourier transform (FFT).

To the author’s knowledge, the only ways of computing (4) seem to be
straightforward computation by two-dimensional integration and a method
developed by W. Freeden [2, 12-14] which is analogous to Gaussian quadrature in
one dimension. Freeden’s method requires the solution of a linear system of
equations for each degree ! and each set of N’ mesh points of dimension
N?*+2]+1. It will be shown that the method of this paper takes fewer operations
than either straightforward integration or Freeden’s method, making use of a two-
dimensional FFT only once for all orders / and m, the remaining operations being
only the evaluation of a double sum of roughly (2/4 1) N terms, where N?
corresponds to the number of mesh points in the integration method and in
Freeden’s procedure.

2. DERIVATION OF THE ALGORITHM

To begin the evaluation of (4) assume that the function f is represented by a
finite Fourier series (for an arbitrary f a FFT approximates f by such a series),

f0.4)= ¥ ¥ fae' (6)

a=—Nb=—-N

Suppose we could also represent the Y, by a finite Fourier series (this is the whole
trick to the procedure) as follows,

!
Y6, ¢)= Z le_mei(j9+m¢). (7)

j=~1
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Then by (4)
N

n T ! N
F,m=f f[Z B;m*e—f<f9+m¢)]x Y Y £, sin 0d6 dg.

—nv0 L 4 a= ~-Nb=—N

Express sin 6 as (1/2i)(e® —e ") and perform the integrations over 6 and ¢ to get

d 2n
Flm= Z z le'm*fab (E 6mb)

j=—lab

iL(=1)*7*1 1
| Wy 1= g = (1 =8 ) H =

[(—1)"-*1—1]}

(0 =bue) =

Summing over b and rearranging the sum over a we obtain

Flmz_n i le-m* |:2 jiz [(—l)a_j+1]

j=—1 ety (@=jy—1

) i [(”1)”+1]fam]- ®)

a=j+2 (a—])z_l

fam + inf}~ 1m 4f;’,m - iﬂf}+ tm

It is understood that when j= N, + (N — 1) the sums over a for which the lower
limit exceeds the upper limit are omitted.
The algorithm then, is

Step 1
Obtain an approximation for f of the form (6) via a
two-dimensional FFT.

Step 2
Evaluate the sums in (8).

©)

The computation of the constants B;™ in (7), described in detail below, is not part
of the algorithm, since they are independent of f(6, ¢), needing to be calculated
only once for all time.

3. OPERATION COUNT

It is now shown that in almost all cases of interest the present method has a
smaller operation count than that of straightforward quadrature. Let n, be the num-
ber of operations required to evaluate f; n,, the number of operations to evaluate
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Y,, sin 8 by (7), which is shown in Section 7 to be approximately 20/; n, N the num-
ber of operations required to perform a one-dimensional integration over an inter-
val with N mesh points. For Newton-Cotes integration n,~2. It is assumed that N?
mesh points in two dimensions will be used in both the FFT and the integration
procedure. Then the total number of operations to evaluate (4) by quadratures is

N3(n;+n,,)+n,N*+n,Nxn, N>+ 20IN? + n,N>.
f f

The number of operations in the evaluation of (8) is approximately 40/N. The num-
ber of operations for a two-dimensional FFT is nppp N2 log N, where ngpp is a con-
stant <25 [3]. The total number of operations by the FFT method is

n; N>+ nger N? log N + 40IN.
The FFT method takes fewer operations than quadrature when
neer N2 log N + 40IN < 20IN? + n, N?

or when

1>nFFTN10g N_n,N
= 20N — 40

Taking apprx 25, n;~2, we have

5. (log N—2/25\
¥ ()=

For N =10, 100, 1000, /, has the values 4, 7, 9, respectively, when rounded up to
the nearest integer. The conclusion is that the algorithm (9), since (6) and (7)
together imply one would be interested in all /<< N, takes fewer operations than
straightforward quadrature for most values of / of interest. Note though that for
both the minimum number of operations is n, N°.

In contrast, the solution of a linear system of order n takes on the order of n*
operations [6, Chap. 4]. Thus Freeden’s scheme apparently requires much more
computational effort. However, this extra work pays a dividend of being able to
handle much more general mesh arrangements than the simple rectangular grid
used in this paper. The method of this paper would be useful as a high-speed for-
mula for obtaining the spherical harmonic expansion coefficients of a user-specified,
easily computable function f, with not too much angular variation. Freeden’s
method, on the other hand, would be much more applicable to problems of
empirical data interpolation, on the surface of the Earth, for example. Freeden’s
method also allows the possibility of computing error estimates.

Remaining questions concerning the justification of (7), the computation of the
BJ’.’", the storage of them, and error estimates are addressed below.
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4. DETERMINING THE Bj’."'

We shall need the following standard results concerning associated Legendre
functions [4, 107]:

Pox)=1, PYx)=x, Plx)=-—/1—x (10)
B (L) L
Prm(x)y=(-1)" Tm ),P 7'(x) (11)
Py =xP7(x)— (I+m) /1—x* Pr=1(x) (12)
P;(cose)_( 1;'(21)v<snzle) 13)

Formulas (10)-(13) show, by induction, that

I
Pr(cos )= Y aime™, (14)

k=~I

where a/ is a complex constant. Alternatively, one can use Rodrigues’ formula:
Pr(x)=(-1)"(1- 2)”‘/2——P1(J€)

It is useful to think of (12) as a connection between three points of a grid
denoting the possible values of / and m as shown in Fig. 1. If (14) is substituted into
(12) with x = cos 6, a recursion relation is obtained for the a/™ after equating sums
of coefficients of like powers of ¢” to zero. It can be seen from Fig. 2 that all
possible values for / and m are covered if in addition (10), (11) and (13) with
x=cos 0 are utilized. The algebra,is tedious but straightforward, so only the final
recursion relations for the @/ are presented:

apcim=4laf+ i+ m) a1

aittm=A4lar  +i(l+m)aimt

attrm=4lar  +ar  +i(l+m)aim T —atm Y],
k= —(I—1),. I—1

alttm=3la_y—ill+m)ait)]

a'*pr,=4la" —il+m)a'n='1].

(15)



444 GARY A. DILTS

3 °
2 ° [}
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m=0 [} ) ’;; °
-1 [ [ [
-2 [ °
-3 .
£=0 | 2 3

Fic. 1. Equation (12) connects points of /—m space as shown by the solid lines.

The initialization, using (10), is

1
al =1, a}°=5, al®=0, a‘_°1=§
(16)
1 i 1 1n —i
ay' =3, ayt =0, al =
The coefficients a/ can be determined from (13) and the binomial theorem:
(21! .
al_,= Wll_f-_j))'_j—', and a?=0 otherwise. (17)

It is shown in Section 6 how the a{" can be computed using mostly integer
arithmetic. These recursion relations can be solved numerically by machine. Once
that is done, from (1), (7) and (14) we have

Bm=(C,,am (18)
4 ®
3 @ o
2 @>—e—>—e
1 @®>—0Sr—05—0

el

m=0 ® @0 0 °
-l ©/o%//:/o§o
-2 ® o o
-3 ® o
-4 ®
£=0 | 2 3 4

Fi1G. 2. Application of the recursive procedure (15). Circled dots indicate points at which (13) is
used. For m< —1, a/” is found from a} " by (11).
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TABLE I
1 m Kk Bimk 1 LI 3 81lmk
5 5§ ( 2.820948864327 1, 8 >
1 & -1 { 2.44301259517 1., §
1 1 I3 [ B """'l"""l'."'. N.O8ERERNNNNERINNBe+ 2T )
I8 1 ( 2:4438125951766968e-91, 9.88FEE00NNS8AIReTT)
1 1 -1 8. 274787473566775e-81) 1 -1 -1  S.00BYBSESRNNETRNNe+AN, |, T2TATHTATIBE67750-F1)
1 1 & T} ISENENNANBREINAB e+ ) 1 =1 & ( S.9USCEUNEVSNININGo+RE, B . ANNNSANIEEANENONecIT)
1 1 1 { ' "',."'.'."." 274707473566775e-01) 1 -1 1 { B .AROPIASENOORRIOTO+AN ,~1.7274797473566775e-F1)
2 5 -2 { 2.365436 le-81
2 g -1 { B.SCEBARRSSSSNRIT e+
2 8 & ( J.5769579516483397
2 . 1 ( K.09808ASNNN0RRENe
2 ” 2 { 2.3654367929666981e-9F1
2 1 -2 & l"l"'llll""lc‘l’,-l 93]171']'115!‘8'.-'1 ) § -: -f : :-'ll.".'.'l'lll..‘ll. 1.9313718141159480e-81)
2 1 -1 «8 - - o }
2 1 E 8 ’ l. ) 2 -1 L4 Cr . 5 o)
2 1 1 s . 8. 2 -1 1 s . 8 )
2 1 2 (o 3 . L93137llllll§!lﬂl.-ll) 2 -1 2 { X.00808900000N0Ne+92,-1.931371010115948%e-01)
2 2 -2 (~9.65685471 le-82, 8 ¥ 2 -2 =2 (~9.6568547189235607e-02, 7.90008590
2 2 -1 < 8. "'."'."."’.'Q"" S.OREEREGIRNNIRIRe+IN ) 2 -2 -1 ( 5.90080808RRNATEN:
z 2 4 { T AUSNEEENNNIRRAEN e+ ) 2 -2 L3 ( 1.9313789437847137e-61, #. L
2 2 1 < 'll'llll'uo'l. 14 5 2 -2 1 ( 3. Q00000NCONBNININe+9Y, 4. DOBQORRONREAERINe0N)
H 2 2 (-9, 55585471 7Te-82, & ¥ 2 -2 2 (-9.6568547189235687e~02, §.00880800FBRRR0RRe+AH)
3 8 -3 { 2.3323521#41 I 4
3 8 -2 (8. 'HB"""III"".O” L
3 8 -1 { 1.3994112610816956e-81, ¥
3 1 ] ( B.AGNINENRERDALENNa RN,
3 B 1 { 61861695681,
3 L4 2 t 8. .
3 & 3 ¢ 2.332352m1 1,
3 1 -3 ( -1 { N.GRSBENRNRNNNESNNe+NS, 2. ll!l7615'7l!lll70-ll H
3 1 -2 ¢ 3 -1 -2 ( K.E00R0EN LLLl
3 1 -1 ¢ 3 -1 -1 [
3 1 L s ¢ 3 -1 I 4 [ )
3 1 1 { 3 -1 1 (3 J 4
3 1 2 { 3 -1 2 e ~ONAREIEENINNINENe+EN)
3 1 3 4 i -1 3 (O J .#198761587134417e-41)
3 2 -3 { 3 -2 -3 (-1,277481%1
3 2 -2 [ 3 -2 =2 (9 )
3 2 -1 < 3 -2 -1 € 1.27748191
3 2 1 < 3 -2 14 (O J
3 2 1 4 3 -2 i ( 1.2774819135665694
3 2 2 (o B o 3 -2 2 ( B.00R0008800000088
3 2 3 (-1.2774 1 t, 8 an) 3 -2 3 (-1.,27748191 4
3 3 -3 ¢ '.'llll"lll'l'l'l’.‘l" 5.21529779540908813e-22) T -3 -3 ( §.O8RNERSENNNNNINNe+0S,-5.2152977954496,
3 3 -z (e IE, B.SNENSENRNNERNNRaRN) 3 -3 -2 ( E.OUNRESERR0NNERERe+AN, ¥, l"""l""l
3 3 -1 t g .-1.55‘5'933!522!" -&1) 3 -3 - «n
3 3 o A B.ABESRANIONERIIOTe+EH) 3 -3 4 «8
3 3 1 { B0 LI H_’%SZZB"‘Q-'\ ) 3 -3 1 «s8 .56458 2294040-81 )
3 3 2 { 5.408808 'llllﬂl'l'.oll . SBOBNRNe+0E) 3 -3 2 { B.00R80NNANABANBINTes) .OFNRBAREPNERNNENe 88 )
3 3 3 { B.0AAERREBRIRENa+E,-5.2]152977954990813e-02) 3 -3 3 ( B.00NREENAORNINTINe) .21529779549908813e-42)

The Y, for =0, 1, 2, 3 are exhibited in [5]. From this list one can determine the
Bi™ by hand for /=0, 1, 2, 3. Table I shows the results of computing the B%" for
these degrees / by the scheme of (15)-(18) in FORTRAN double-precision
arithmetic on a PDP 11/70 with a UNIX operating system. The underlined digits
indicate agreement with hand calgulations made on a 10-digit/visible, 14-digit/
internal calculator. This agreement is uniformly 8 digits or better, which attests to
the accuracy of the procedure. Note that (11) implies one need only calculate o™
for values of m>0, and that a4;~!, which is needed in (15) when m=0, can be
found from aj'. This is also 1ndlcated in Fig. 2.

5. STORAGE OF THE B/"
At first glance it might seem that the great numbers of B!™s needed to be stored

in memory for the execution of the algorithm (9) would be a handicap. Since m has
a range of —/,..., I for each /, and k has a range of —/...., / for each / and m, the total

581/57/3-9



446 GARY A. DILTS

number of real storage spaces (remember BY" is complex) seemingly required is
L 2
2.y (2l+1)2=§(L+1)[4(L+1)2—1], (19)
=0

where L is the maximum value of / being considered. Some values for various L are
listed in Table II. As one can see the demands on memory become quite severe for
even modest /. However, examination of Table I reveals some remarkable sym-
metries and regularities of the B, which below will be proven to be true in general,
which decrease these demands by a factor of 16. They are:

(S1) By"=(—1)"(B™)*

(S2) BY=(B)"

(S3) If mis odd B is pure imaginary, while if m is even Bi™ is real.
Bi"=0, [ odd,

S4) B™#0, B =0, Bi" o,...,
(S4) B"#0, B, 27 {B{;";&O, ! even, m even.

That is, B]" ,,#0, and B]” ,,, ,,=0, for i=0,.., [(/—1)/2], where [x] denotes the
greatest integer less than or equal to x.

(S5) Bi=0if I even, m odd.

Before proving these note the effect on the number of Bi™s needed to be stored. S1
and S2 imply one only need consider m, k >0. S3 implies one only needs real
storage locations. S4 implies that one only need consider half the positive values of
k. Thus one expects a reduction by a factor of 16 in the number of real storage
locations needed. With careful consideration of Fig. 3 and using the formula for the
sum of the squares of consecutive integers it can be shown that the total number of
real storage spaces that one needs, if L is the maximum degree / being considered, is

(L+1)/2
Z (4 —1) j=(AL>+21L% +32L + 15)/24 (20)
j=1 ‘
if L is odd and
L2 L 417 +2112+38L+24
Z(4j—1)j+(—+1)(L+l)= % 21)
j=1
TABLE II
L 23(L+1)4(L+1)>—1)
3 168
9 2660
17 15540

33 104788
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m=0 | 2 3 49
£2:0 . k=0
I 9 a
\
. . k=0
2 X X X |
. . . 2
i=2
X X X X k=0
3] X X X X 2
) . L [} 3
. . . . . k=0 |
X x X X X |
4 . . [} ° . 2
X X X X X 3
L] . L] * L] 4
b =3

Fig. 3. Diagram of memory locations for storage of BY". Dots represent locations where B is non-
zero and crosses represent locations where B/ is zero. For each j there are 4/ — 1 dots, where j labels suc-
cessive pairs of values of /. For each / there are (/+ 1) j dots.

if L is even, which indeed shows a factor of 16 improvement over (19). Some values
of the right-hand side of (20) are listed in Table III. These are much more
manageable numbers.

The operational memory requirements may be even further diminished by noting
that the calculation of the sum (8) requires, for a fixed / and m, only B,
k= —I,.., I. Thus, for example, if one wanted to compute F,, for several degrees |/,
one need only bring into memory the B2 for the particular / being considered at the
time, which requires on the order of (/+ 1) //2 storage locations by Fig. 3.

Property S1 is derived by observing that (1), (2) and (11) imply that

Y, m=(=1)" Y,

whence

{ {
Z le_,—mei(ﬂ)—mm:(_l)m Z 'lefnle—i(j9+m¢)’

==l j=—t

from which S1 follows by linear independence of the %,

"TABLE IIT

L (4L3+21L%+ 32L + 15)/24
3 17
9 205

17 1095

33 6987
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Property S2 follows from the observation that P7(cos 6) is real. For then, by
(14),

] i
Z af:neik(?: Z (aim)* efikﬂ’
k= —1 k= —I

from which S2 follows, using (18).

Properties S3 and S4 follow from (15), (16) and induction on /. Only k>0 and
mz —1 need be considered since S3 and S4 are preserved under the symmetries of
S1 and S2. 83 is evident from (15), but S4 deserves comment. First note that S4 is
true for /=0, /=1. Assume that it is true for /, and m =0,..., . Then (15) shows that
aj*tm=0, and if k=I/+1—(2i+ 1)=1—2i then a}* =0, for any m. Thus S$4 is
true for /4 1.

S5 follows immediately after setting £ =0 in (15) and using S2 and S3.

6. ERRORS

Observe that if both sides of (15) are multiplied by 2'*! a recursion relation for
the quantities 4/ = 2'a’™ is obtained which is the same as (15) except the factor of §
on the right side is missing. Next, observe that (13) can be rewritten as (2/— 1)!!
(—sin 0)), which means &/ is an integral complex number. Thus the recursion
procedure for the @™ is performed entirely in integer arithmetic, because the initial
values a0, 2a}™ are integers by (16). Hence, the only error in a?" is the round-off
error incurred by the integer division in d¢"/2’. The only remaining step in
calculating the B after finding the a/™ is (18). The error in C,,, can be assumed to
be very small, therefore the B can be assumed to be determined with very high
accuracy. In the evaluation of (4) then, the only significant errors come from the
truncation of the Fourier series of fin (6) to (2N + 1)? terms, any error that might
occur in the FFT procedure in determining the f,,, and round-off errors occurring
in the evaluation of (8). The relative error due to the truncation of the Fourier
series of f'is O(1/N* *2), if fis r times continuously differentiable, by a two-dimen-
sional extension of the argument in [6]. Gentleman [7] states that the relative rms
error for an FFT is bounded by 1.06 x ¥; (2n;)** x eps, where 2N + 1 =TT, n;, each
n; is prime, and “eps” is the machine precision. It is conjectured that the evaluation
of the sum (8) is numerically stable since the f,,, decrease as 1/(am) ' as in [6],
and the coefficients of £,,, decrease as 1/a’. Thus, it appears that the major source of
error in the algorithm (9) is the FFT itself.

7. EVALUATION OF Y,,(0, ¢)

To obtain f(6, ¢) from the F,, one uses (3), which requires the evaluation of
Y,.(0, #). Equation (7) provides a means to do this. If the Goertzel-Reinsch
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algorithm [8] is used to evaluate (7) the operation count is about 20/, and
numerical stability is guaranteed.

The definition (1) can be used as well to evaluate Y,,(0, ¢), however, it requires
knowledge of P7'(cos ), which can be obtained by means of a recursion relation
such as

(I—m+1) P, \(x) = (2 + 1) xPJ(x) — (I+m) PP (x) (22)

with perhaps (13) as an initialization. The operation count for this method is
roughly 10/-8m, about twice as fast as (7). Reference [11] shows that this recursion
scheme is stable and also describes codes based on it which calculate the associated
Legendre functions in extended-precision arithmetic.

Since P;™(x) is proportional to P'(x), the equation

dP;"(x)
dx

dPy(x) _

Py(x) = Pi7(x) =L =

0 (23)

holds. Using the expression [4]

dpPy(x) N -
i =({+1)xPP{(x)—(I—m+1) P7_,(x)

and various recurrence relations for the Py, one can consider (23) a check on the
accuracy of (7) or (22). A similar idea was used in [11].

Codes based on (7) and (22) were written, and programs to compare the two
methods and to check (23) were run for all values of the degree /< 15. The
agreement of (23) with zero was uniformly better than 16 decimal places for each
method, as was the agreement of the two methods with each other. The com-
putations were performed on a DEC VAX-11/780 in FORTRAN DOQUBLE-
PRECISION arithmetic.

8. EXAMPLES

This paper will close with a few examples.
First, a hand example is considered. Let (6, ¢)=Y,,(6, ¢). By (4) and (5), (8)
should give

F00=Fl,—l=F1,0=F/,m=0 fOI‘ 122, |m|<l
F11=1.

That this is so shall be shown presently. Let N=co in (8).

Observe that since
i /3 . o
Y — = 0 __ ,—iby ,i¢
u(6, $)=3 [~ (¢’ ~e )e
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i /3 —i /3
fl,l—i @s f—l,l_‘T gﬁ, all other f,=0. (24)

We immediately see F,,=0 for all m+#1 in (8). The first sum over a contributes
nothing if j < 1 and the second sum if j> —1. Thus (8) becomes, for /= 2,

we have

! S (=D 4]
F1.1=—7TI_Z 23,1-"* z LTTfa,]
a—jj

Lj=1 a= —o0 -
+inBg * oy +inBs R —4BY K
— 4By —inBY 2+ —inB§ R,
—1 fee} ___1 a—j 1
+ Z 2B]1_-1* Z [(——L-—+—]fa,l]' (25)

J= i a=j+2 (a—j)*—1

If /=2 this gives, using S1, S4, and (24),

Fy = "”[%B%lffm
+iInBF*(f_ = fi,0) Hin(BY* + BS)(fo 0+ fi) —4BYE*— B2 *) f,
+4B%, f1.1]s

which is zero by S1-85. If /> 3 (25) becomes

!
Fy=—n [z Y BM™a_f 4o, fi1)

j=3

+3BI i+ mBE - fi) H4BL A

—3
+2 ) B'¥a_ f_ i 1+a, f1,1)],

j=—i

where o, =[(—1)' 7+ 1J/[(£1—/)*—1]. If [ is odd B4*=0 by S4. If / is even
Bl'* =0 by S5. Since f_,, = —f, , the middle terms are proportional to
BY*f 14+ BL M= (—B{*+B1*) fi,
=(Blll +Blll*)f1,1,
which is zero, by S3.
The remaining terms give, also using (24),
!

Fyp=2nYy B'[-a_+a, —a,+a_]fi,,

j=3
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TABLE IV

Fim
-1381983767419899e~17, 9.9587358482627157e-18)

NeM—N —me- ® 3

.#116929555845708e-17,-9.778F139899236597e~18)
.2828045937564377e-19,-1.14140229687823860-19)
.9944979319713916e-01, 1.277618747638626%90-17}

8

[

2

9

7.1285329292958260e-17,-1.1784978715267913e-17)
3.8437394583428775€-19,-6.9874789166840860e-19)
2.1125454179054911e-17,-3,2625082319193262e-16)
1.12629#86914862@6e-17, 1.#677115941351754e~17)
8
7
1
4
7
2
1
6

.4568398512879875e-17,-8.507213993920693%-18}

+4315395692944235e-17,-2.364723987772828%e-17)
+1794499401875142e-18,-1.61698658724420815e-19)
-4736383099428784e~18)
.2288812135623564e-19,-4.2802586132935490e-28)
.86093158592517688¢-83,-2.5496146320160456e-17)
.9823371614638539a-19,-2.484927917162829%e-18)
.98083173362026250-17,~1.9187193345814467e~17)

.1851417552282415e-19,

LW RUD NRONNN ——— W
~

1o
WA R

which is zero, as required. For /=1 we have, instead of (25),
Fiy=—a[4BI"*f_ +inBi'*f_, — 4B *f_ |, —4BI1*f,
—inBg'*fi1 + 4B *f14]
= —n[5*B]'* +4B* —4B]'* +{B" *] f,,
—n[5t—4-4-3]1 B{"*f,,

n%2~|f11|2=1, since  B}'=f},.

The sum (8) is validated for this example.

Now some numerical examples are in order. Table IV shows the result of
calculating (4) by integration over the sphere using a two-dimensional extension of
Simpson’s rule, for the case f= Y,,(8, ¢). The machine used in this and the follow-
ing computations is the same that produced Table I. The domain of 6, [0, =] was
divided into 10 equal intervals and the domain of ¢, [—=, n], into 20. This
corresponds to N between 10 and 14. Values for F,,, F5, are correct only to 3
decimal places, all other coefficients to 16. Table V shows the result of calculating
(4) by algorithm (9) for the same function f. F,; has 7-decimal place accuracy; all

TABLE V

]
-
3

)
e

+9999994839535522e-01 : BBOBIBRPRIIBEIIN e+ BT

89)
88)

8)

WURE DWW NNNRN e &
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other values are exact. It is remarkable, in light of the many cancellations occurring
in (8), that the zero values are exactly zero and not just within the machine “eps” of
zero, as is the case in Table IV. These two tables represent the maximum attainable
accuracy for each method, since for Table V the values f,,, were not obtained by a
FFT, but were obtained from a program which calculates the B The proposed
method is evidently superior in accuracy, although the accuracy of the integration
procedure could be improved by using a method of higher order than Simpson’s
rule. As for the computational time for the two methods, Table IV took 69.7
seconds to make, while Table V took only about 0.7 seconds to make. If one
includes the time it takes to produce the f;; by a FFT, which is about 4.7 seconds,
the time required to produce Table V by algorithm (9) is less than 6 seconds, as
opposed to 70 seconds for integration. The FFT used was written by
R. C. Singleton, and is described in {9].

9. CONCLUSION

It appears that algorithm (9) has two major advantages over integration: speed
and accuracy. The major drawback is that it cannot be applied to problems with
irregular spacing of the data f over the sphere, for then a FFT cannot be applied in
the determination of the f;;. Another method for finding them must be used, such as
Goertzel-Reinsch. In this case it is conceivable that Freeden’s method may be more
desirable, since he also provides a way of minimizing the error for 2/+ 1 < N.
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